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1. INTRODUCTION 
In inves t iga t ing the dispers ion from a continuous l i n e source of 
f i n i t e length, placed a t r ight angles t o the mean wind d i r e c t i o n , 
the v i r t u a l source concept i s commonly used. A "virtual" point 
source i s placed upwind from the locat ion of the l ine source 
so that i t s plume width a t the pos i t ion of the l ine source equals 
the i n i t i a l spread of the l ine source, Slade (1968) . However, 
t h i s method has, as i t w i l l be shown, no t h e o r e t i c a l j u s t i f i -
cation when the extens ion of the source becomes comparable to 
or bigger than the length scale of the dispers ing turbulence . 
For a f i n i t e l i n e source of uniform source dens i ty q (kg/sec m), 
Sutton (1932) derived a so lut ion for the concentration f i e l d 
showing the soca l l ed "edge e f f e c t " . He considered a l i n e source 
as being made up of an i n f i n i t y of small Gaussian point sources , 
the emission of which per unit length was q. Next, the concen-
trat ion d i s t r i b u t i o n c a t a down wind pos i t ion x from the l i n e 
source was ca lcu lated by a superposition of the contribution 
from each of the individual sources , y i e ld ing the r e s u l t 
2<J
 t H 2 P2 1 -
c * - = • e x p ( - * ( — ) ) • / — exp(-*p2) dp (1) 
ST«ozu az p 1 /Zi 
yi V2 
where P1 * "~ and p2 s — • 
H i s the e f f e c t i v e height of r e l e a s e , u the mean wind, o y (x) 
and ø z (x ) the l a t e r a l and the v e r t i c a l dispersion c o e f f i c i e n t s 
for the point source r e s p e c t i v e l y , and yi and y2 the upper and 
the lower l a t e r a l bounds of the l ine source at x * 0. 
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2. THEORY 
The idea out l ined above w i l l be general ized to s i t u a t i o n s where 
the strength of the l i n e source, though constant in time, var ies 
with the l a t e r a l pos i t i on of emission y 0 as s p e c i f i e d by the 
source d i s tr ibut ion function f ( y 0 ) a s shown in F ig . 1. 
In the fo l lowing, we can for convenience and without l o s s of 
genera l i ty assume the source d i s t r ibut ion function f (y 0 ) to 
a) be normalized 
7 f(y0> dy0 = 1 (2) 
b) be centered with respect to y 0 = 0 
/ Yo f (yo) dy 0 = 0 (3) 
— « • 
c) define a second order moment Z by 
/ y2 f(yQ) dyQ = Z2 (4) 
In order to be able to c a l c u l a t e the r e s u l t i n g dispers ion of the 
l ine source, we consider the l ine source a s being made up of an 
i n f i n i t y of many i d e n t i c a l point sources , d i s t r ibuted continu-
ously along the l i n e y 0 with dens i ty f ( y 0 ) . 
From each of these point sources , p a r t i c l e s are released simul-
taneously into a f i e l d of homogeneous and s ta t ionary turbulence 
at time t * 0 . As shown in F ig . 1 , the pos i t ion of the ind iv id-
ual p a r t i c l e s , r e l a t i v e to the center l ine y 0 * 0 , can as wel l be 
expressed in terms of the p a r t i c l e s i n i t i a l displacement y 0 , and 
the subsequent s t o c h a s t i c displacement r e l a t i v e to t h i s , y"(t). 
For each of the simultaneous re leased p a r t i c l e s t h i s pos i t ion 
reads 
y(t) - y0 • y(t) (5) 
First we calculate the mean position of the simultaneous re-
leased particles at ambitrary diffusion time t ^  0. Calling this 
mean position Y(t), we formally get 
«• 
<Y(t)> » < / y(t) f(y0) dy0> (6) 
The brackets denote ensemble averaging and the source density 
function f(yQ) determines the relative number of particles that 
are released from the point source located at the position yQ. 
In order to proceed, we note that y(0) = 0 since yQ, and that, 
with the assumed homogeneity of the turbulence, we will have 
<y(t)> * 0. Further, as a consequence of the stationarity 
assumed, ensemble averages can be replaced by time averages, 
provided that the averaging time is sufficiently long. This 
implies averaging over several Langrangian time scales t^. 
By inserting y(t) from Bq. (5) into Bq. (6) we get, on the basis 
of Eq. (3) and the fact that <y"(t)> * 0, the following result 
<Y(t)> * < J yof(yo)dy0> 
(7) 
a* 
+ /<y(t)>f(y0)dy0 = 0 
which simply shows that the mean displacement of the particles, 
relative to the fixed frame of reference y0 = 0, is zero. 
Formally, we next define the dispersion <D2(t)> of the line 
source in terms of the square of the position relative to the 
ensemble mean <Y(t)> of the simultaneous released particles, 
after a diffusion time t 
0* 
<D2(t)> - < / (y(t) - <Y(t)>)2 f(y0)dy0> (8) 
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Even though we consider the simultaneous release of many par-
ticles, one should not confuse the probles with that of relative 
or two-particle diffusion since here, all displacements are 
referred to the fixed frame of reference <Y(t)> which is coin-
cident with y0 « 0. 
By use of Bq. (5), Eq. (8) takes the form 
m 
<D2(t)> « < / <y| • 2yQ ?(t) • y2(t)) • f(y0)dy0> (9) 
The first term on the right hand side equals by definition I2. 
As a consequence of the lateral homogeneity, the second term is 
zero because of 
< / 2yQ y(t) f(yQ) dyQ> - <y(t)> / 2y0 f(y0) dyQ * 0 (10) 
The last term of Eq. (9) can be written 
J <y2(t)> f(yQ) dyQ = <y2(t)> (11) 
since <y2(t)>, due to the assumed lateral homogeneity, is 
independent of y0. 
The resulting expression for the line source dispersion now 
reads 
<D2(t)> » E2 + <y2(t)> (12) 
This is quite a notable result since it does not depend on the 
specific form of the line source distribution function f(y0), 
nor on the specific concentration distribution of the individual 
sources. 
For dispersion of individual point sources in a field of hom-
ogeneous and stationary turbulence the statistical theory, 
Taylor (1921), yields the familiar result, applicable for the 
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l a s t term in eq . (12) 
1 d<y2> t 
- » <v , 2> / P i ( t )d« (13) 
2 dt o l 
Here, t i s travel time (* x / u ) , <v>2> i s the variance of the 
cross-wind turbulent f luc tuat ions and Q\ i s the Lagrangian 
v e l o c i t y corre lat ion funct ion. The near f i e l d (t<<t^) and the 
far f i e l d (t>>t^) l i m i t s of the spread a r e , r e s p e c t i v e l y 
lim <y2> » <v , 2> t 2 
t*0 
(14) 
lim <y2> * 2 < v , 2 > t 1 t 
t * -
By inser t ing the near f i e l d l imi t of Eq. (14) in to Eq. (12 ) , a 
second order expansion for small t g i v e s 
<D2(t)>* * Z (1 + \ t 2 ) (15) 
In contrast to the v i r tua l source s o l u t i o n , we here f ind that the 
dispersion calculated on the bas i s of Eq. (12) impl ies a para-
b o l i c a l l y i n i t i a l stage of d i spers ion , with zero s lope for small 
trave l t imes , i . e . 
lim — <D2(t)>* * 0. (16) 
t+0 d t 
The r e s u l t in Eq. (12) has a counterpart in the d i s c i p l i n e of 
c a l c u l a t i n g moments of iner t ia in mechanics. If the moment of 
iner t ia of a s o l i d body around an a x i s TQ through i t s center of 
mass i s given by In? then, the moment of i n e r t i a I about an 
ax i s trans lated the distance LI from TQ i s given by "the p a r a l l e l 
a x i s theorem" 
I • U * + lo (17) 
10 
where I&i i s the itomnt of i n e r t i a of the body's t o t a l mass m 
with respect . o the trans la t ion 4*. i . e . I 4 t « *(A») . Analogy 
of Eq. (14) with Eq. (12) becomes c l ear when point source d i s p e r -
sion <y 2 ( t )> i s a s soc ia ted with lQ and the dispersion of 
the d i s t r ibuted point sources center of mass yQ i s a s soc ia ted 
with At. C in Eq. (12) then represents an e f f e c t i v e trans la t ion 
of center of mas« &*«££ ca lcu la ted on the bas i s of the source 
d i s t r ibut ion function f ( y 0 ) . 
In case we want t o c a l c u l a t e not only the dispers ion a s s oc i a t ed 
with an extended source but a l s o want to gain knowledge of the 
re su l t ing concentration d i s t r i b u t i o n as function of t rave l time 
and l a t e r a l displacement c ( y 0 , t ) , we w i l l have to deal with 
the convolution in tegra l 
c tYo'O « / g ( t , y ) • f ( y - y 0 ) dy (18) 
—• 
where g ( t , y ) represents the normalized concentration d i s t r i -
bution function of the indiv idual point sources . Eq. (1) c o n s t i -
t u t e s a s p e c i a l case of Eq. (19) where f i s a uniform d i s t r i b -
ution with upper and lower l i m i t s , y2 and y\, r e s p e c t i v e l y , and 
g ( t , y ) i s a Gaussian d i s t r i b u t i o n . In Pig . 2 i s shown a s e -
quence of p l o t s of c ca lcu la ted on the bas i s of Eq. (18) for the 
case Y2 * ~Vi * it. Concentration d i s t r i b u t i o n s for subsequent 
r a t i o s of the point source d i spers ion , < y , 2 ( t ) > l * a, t o the 
i n i t i a l source width, I • /T5 I, i s shown. The trans i t ion from 
the i n i t i a l rectangular d i s t r ibut ion to the ul t imative Gaussian 
d i s t r ibut ion i s obviously i l l u s t r a t e d . 
Another spec ia l case of Eq. (18) appears when not only g ( t , ? ) 
but a l s o f ( y 0 ) i s Gaussian d i s t r i b u t e d . In t h i s case i t i s com-
monly known that a l s o c ( y 0 , t ) becomes a Gaussian d i s t r ibut ion 
(for a l l t rave l t i m e s ) . Purt her more, the variance simply becomes 
the sum of the variances of g ( t , ? ) and f ( y 0 ) , in accordance 
with Eq. (12) . 
We w i l l next show that Eq. (12) in general i s a d i r e c t consequence 
of Eq. (18 ) . The second moment of c ( y 0 , t ) i s by de f in i t i on 
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<D2(t)> - / y| / q(tr?) • flf-Yo^ftY ( 1 , ) 
By use of the substitution y" « y-y0» thi* becomes 
<D2(t)> * /,' (y-y)2 q(t»y) • f(y)dydy 
* 7 y29(t.?)df * ] 92 f(?)d? 
- 2 // yy g(t,?)f(?)d?dy 
(20) 
The last ter« equals zero on basis of Eq. (3) and Eq. (12) re-
mains. 
3. EXAMPLE WITH AN EXPONENTIAL LAG RANGIAN AUTOCORRELATION 
FUNCTION 
The precise for« of the Lagrangian autocorrelation coefficient 
dl in Eq. (13) is not important when we investigate the gen-
eral iMplications of Eq. (12) and for convenience we can assume 
an exponential form. Also, this form gives a reasonable fit to 
most observed p\ curves« Pasquill (1974). By integration of 
Eq. (13) with •»!< O * exp(~C/ti> and defining T • t/ti and 
a » (<y2(t>*/(<v,2>*tJL), we have for the dispersion from 
a point source 
*«
2
 » T • exp(-T) - 1 (21) 
We can with this compare the line source dispersion <o£(t)> 
of Eq. (12) with the virtual source approach. 
The virtual source dispersion <D2r(t)> is through Eq. (21) 
given by 
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i a j = ( T I - f v ) + ex P ( - (T + Tv)) - 1 (22) 
where a2 - <Dy(t)>/<v'2> t 2 and where the i n i t i a l time lag 
Tv = T v / t i i s defined through the equation 
i £ ' 2 - Tv + exp(- f v ) - 1 (23) 
E ' 2 , the normalized second moment of the source d i s t r i b u t i o n i s 
here defined by E' = E/<v ,2>* • t j . 
The s t a t i s t i c a l model for the l ine source gives from Eq. (12) 
ial = i E ' 2 + ia2 (24) 
where a£ = <D£(t)>/<v ,2> t 2 . The difference in d ispers ion of 
the two methods i d ' 2 = ia2, - $a2 i s 
i d ' 2 - Tv - *Z' 2 + exp(-T){exp(-f v ) - 1} (25) 
The l im i t s for the dif ference for small and large t r a v e l times 
a r e , respec t ive ly 
(26) 
* Z'z - Tv = exp(-Tv) - 1 
Writing in dimensional form the far f i e ld l imi t e r r o r , we f i n a l l y 
get 
rp 
lim (<D§>-<D£>) = 2<v , 2>*t 1{l - exp(- —)} (27) 
t*m t i 
We see tha t the v i r t u a l source approach only gives the co r rec t 
answer when Ty << t^ . 
Fig . 3 shows a plot of i ay and ia£ for the case where £' » 1. 
The paracol ic behaviour of i a 2 for small t r ave l times i s 
c l ea r ly recognized. The maximum r e l a t i v e e r ro r witn the v i r t u a l 
source approach i s found a t x * 1 and i s t h i s case of the order 
of 20%. 
l im 
T+0 
l im 
T + » 
id-
id' 
2 
2 
= 0 
-  
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Not much experimentally evidence exists on the finite line source 
problem. From dispersion behind buildings and volume sources as 
such, Slade (1968) proposes empirical dispersion formulae of a 
form equivalent to Eq. (12) 
D2 = CA/w + <J2 
D2 = CA/n + o2z 
(28) 
D 2 and D z 2 are here, respectively, the effective lateral and 
vertical dispersion behind a building of area A, C is a correc-
tion factor betwten 0.5 and 2, o 2 and oz2 are here, respect-
ively, the lateral and vertical dispersion from a point source. 
In these formulaes, however, the self-induced turbulence behind 
the obstacle must, in contrast to the case with Eq. (12), play 
an important role. 
4. CONCLUSION 
An alternative method to the virtual source concept for calculat-
ing dispersion from a finite line source has been formulated on 
the basis of statistical theory, involving only few restrictions. 
We find that the composite dispersion from a cross-wind oriented 
continuous line source car. be expressed by 
<D2(t)> * Z2 + <y2(t)> (29) 
where I2 is the second moment of the source distribution func-
tion and <y2(t)> is the dispersion from a single point source 
in homogeneous and stationary turbulence. The maximum relative 
error introduced by use of the virtual source concept is typical-
ly found to be about 20%, hence the dispersion model in Eq. (12) 
may be recommended in favour of the virtual source concept, 
especially since its use does not require any additional infor-
mation. 
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y (t) 
I 
Fig« 1« A finite continuous line source emitting polutant with 
source strength f(yQ) as tunction of lateral position y0. Also 
shown is a trajectory y(t) of a particle, released at y0 at 
time t = 0. 
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Fig. 2. Cross-wind concentration d i s t r i b u t i o n s for d i f fe ren t 
r a t i o s of the Gaussian point source dispe 3ion a to the width i 
of an rectangular d i s t r ibu ted l ine source. Note that I * /Ttt for 
the source d i s t r ibu t ion considered. 
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CO CM 
Fig. 3. Dimensionless dispersion a * <D2>v<v , 2>^t1 for the 
v i r tua l source: V, (Eq. 22) and for the line source: L, (Bq. 24) 
as function of dimensionless time of t ravel T » t / t . The s tan-
dard deviation of the source d i s t r ibu t ion £ equals <v'2>^ • t^ 
in t h i s case, i . e . 2' • 1. 
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